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Abstract 

We define Landau-Lifshitz sigma models on general coset space G/H, with H a maximal 
stability sub-group of G. These are non-relativistic models that have G-valued Nother 
charges, local H invariance and are classically integrable. Using this definition, we con- 
struct the PSU(2,2\4)/PS(U(2\2) 2 ) Landau-Lifshitz sigma-model. This sigma model 
describes the thermodynamic limit of the spin-chain Hamiltonian obtained from the com- 
plete one-loop dilatation operator of the N = 4 super Yang-Mills (SYM) theory. In the 
second part of the paper, we identify a number of consistent truncations of the Type IIB 
Green-Schwarz action on AdS§ x S 5 whose field content consists of two real bosons and 4,8 
or 16 real fermions. We show that K-symmetry acts trivially in these sub-sectors. In the 
context of the large spin limit of the AdS/CFT correspondence, we map the Lagrangians of 
these sub-sectors to corresponding truncations of the PSU (2,2\4) / PS(U (2\2) 2 ) Landau- 
Lifshitz sigma-model. 
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1 Introduction 

lad s eft 

The gauge/string correspondence t[TJ provides an amazing connection between quantum gauge 
and gravity theories. The correspondence is best understood in the case of the maximally 
super symmetric dual pair of Af = 4 SU(N) super- Yang-Mills (SYM) gauge theory and Type 
IIB string theory on AdS§ x S 5 . Recent progress in understanding this duality has come from 

tail . g;kr) 2 , ft 

investigations of states in the dual theories with large charges pi Sj [5J . In these large-charge 
limits (LCLs) it is possible to test the duality in sectors where quantities are not protected by 
super symmetry. Typically, one compares the energy of some semi-classical string state with 
large charges (labelled schematically J) to the anomalous dimensions of the corresponding op- 
erator in the dual gauge theory, using 1/ J as an expansion parameter which supresses quantum 
corrections. A crucial ingredient, which made such comparisons possible, was the observation 
that computing anomalous dimensions in the M = 4 SYM gauge theory is equivalent to find- 

landim 

ing the energy eigenvalues of certain integrable spin-chains p] (following the earlier work on 
more generic gauge theories IjjJ) . At the same time the classical Green-Schwarz (GS) action 
for the Type IIB string theory on AdS§ x S 5 was shown to be integrable I f^lj . The presence of 
integrable structures has led to an extensive use of Bethe ansatz-type techniques to investigate 
the gauge/string duality f|). In particular, impressive results for matching the world-sheet S- 
matrix of the GS string sigma-model with the corresponding S-matrix of the spin-chain have 

Ipma trix 

been obtained l |luj . 

The matching of anomalous dimensions of gauge theory operators with the energies of semi- 
classical string states was shown to work up to and including two loops in the 't Hooft coupling 
A. At three loops it was shown that the string and gauge theory results differ. As has been 
noted many times in the literature, this result should not be interpretted as a falsification of 
the gauge/string correspondence conjecture. Indeed, while the (perturbative) gauge theory 
computatons are done at small values in A, they are compared to dual string theory energies 
which are computed at large values of A and as such are not necessarily comparable. It has 
then been a fortunate coincidence that the one- and two-loop results do match. 

This match was first established in a number of particular semi-classical string solutions 
and corresponding single-trace operators Later it was shown that, to leading order in the 
LCL, for some bosonic sub-sectors the string action reduced to a generalised Landau-Lifshitz 
(LL) sigma model, which also could be obtained as a thermodynamic limit of the corresponding 
spin- chain ^MrMWfa] (see also fsofj. In this way, by matching Lagrangians on both 
sides one can establish that energies of a wide class of string solutions do indeed match with 
the corresponding anomalous dimensions of gauge theory operators without having to compute 
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these on a case-by-case basis. 

A natural extension of this programme is to match, to leading order, the LCL of the full 
GS action of Type IIB string theory on AdS^ x S 5 to the thermodynamic limit of the spin- 
chain corresponding to the dilatation operator for the full TV = 4 SYM gauge theory; including 
fermions on both sides of the map is interesting given the different way in which they enter the 
respective actions. On the spin-chain side fermions are on equal footing to bosons fltTf ivf - the 
LL equation, which describes the thermodynamic limit of the system, relates to a super-coset 
manifold when fermions are included, as opposed to a coset manifold when there are no fermions. 
In particular, both fermions and bosons satisfy equations which are first order in r and second 

( jr.. g g h m mt 
22 \ I23 [ I24] "I25] 

and their equations of motion are first order both in r and a. Previous progress on this 
question was able to match string and spin chain actions in a LCL up to quadratic level in 

biikh.hl_2.st2 

fermions I [2U[I1Y| [15]. Roughly speaking, on the string side, K-gauge fixed equations of motion 
for fermions typically come as 2n first order equations. From these one obtains n second-order 
equations for n by 'integrating out' half of the fermions. Taking a non-relativistic limit on 
the worldsheet one ends up with equations which are first order in r and second order in a 
which can be matched with the corresponding LL equations obtained from the spin chain side. 
Matching the terms quartic and higher in the fermions had so far not been achieved, though 

I fjillalgcurve 

it is expected that this should be possible given the results of l[yj. However, finding a suitable 
K-gauge in which this matching could be done in a natural way remained an obstacle. Below 
we propose a k gauge which appears to be natural from the point of view of the dual spin-chain 
and allows for a matching of higher order fermionic terms in the dual Lagrangians. 

In this paper we first present a compact way of writing LL sigma models for quite general 
( super-) cosets G/H; in particular we write down the full PSU(2, 2|4)/PS'(£7(2|2) 2 ) LL sigma 
model which arrises as the thermodynamic limit of the one-loop dilatation operator for the 
full M = 4 SYM theory. This generalises earlier work by I jTlj . and allows one to write down 
LL-type actions without having to go through the coherent-state IjT^j thermodynamic limit of 
the spin chain. We then identify a number of sub-sectors of the classical GS action all of 
which have two real bosonic degrees of freedom and a larger number of fermionic degrees of 
freedom (specifically 4,8 and 16 real fermionic d.o.f.sQ). Finally, we define a LCL in which 



1 By a sub-sector we mean that the classical equations of motion for the full GS superstring on AdSs x S 5 
admit a truncation in which all other fields are set to zero in a manner which is consistent with their equations 
of motion. This is quite familiar in two cases: (i) when one sets all fermions in the GS action to zero and, (ii) 
when one further restricts the bosons to lie on some AdS p x S q sub-space (l>p,,q>5). . , 

2 The 4 fermion model was previously postulated to be a sub-sector of the classical GS action in p»] and 
represents a starting point for our analysis. 
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the GS actions for these fermionic sub-sectors reduce to corresponding LL actions. In this way 
we match the complete Lagrangians for these sub-sectors and not just the terms quadratic in 
fermions. Since the largest of these sectors contains the maximal number of fermions (sixteen) 
for a /t-fixed GS action the LCL matching to a LL model gives a clear indication of what the 
natural K-gauge is from the point of view of the dual spin-chain. 

The fermionic sub-sectors of the GS action that we find are quite interesting in themselves 
because on-shell K-symmetry acts trivially on them - in particular the sub-sector containing 16 
fermionic degrees of freedom contains the same number of fermions as the K-fixed GS superstring 
on AdS§ x S 5 . Since /t-symmetry acts trivially in this case one cannot use it to eliminate half of 
the fermions as one does in more conventional GS actions. Further, these fermionic sub-sectors 
naturally inherit the classical integrability of the full GS superstring on AdS§ x S 5 found in f2T| . 
Integrating out the metric and the two bosonic degrees of freedom one then arrives at a new 
class of integrable differential equations for fermions only. 

This paper is organised as follows. In section we give a prescription for constructing a LL 
sigma model on a general coset G/H. We also present a number of explicit examples of LL 
sigma models most relevant to the gauge/string correspondence there and in Appendix iP^T In 

J aec3 _ J aec4 

section |B]we identify the fermionic sub-sectors of the GS superstring on AdS 5 x S . In section 
we define a LCL in which the GS action of the fermionic sub-sectors reduces, to leading order in 
J, to the LL sigma models for the corresponding gauge-theory fermionic sub-sectors. Since the 
GS action for the four fermion subsector is quadratic in the remaining appendices to this paper 
we present a more detailed discussion of it including a light-cone quantisation in Appendix tip - 

and a T-dual form of the action in 

J ap pd 
Appendix El 



2 Landau-Lifshitz sigma models 

In this section we construct the Lagrangian for a Landau-Lifshitz (LL) sigma model on a coset 
G/H. □ The Lagrangian will typically be first (second) order in the worldsheet time (space) 
coordinate, and so is non-relativistic on the worldsheet. We refer to such models as LL sigma 
models because in the case of G/H = SU(2)/U(1) the equations of motion reduce to the usual 
LL equation 

d T rii = e ijk nj(%n k , where ra^ = 1 . (2.1) 



3 For earlier work on this see 
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The construction of LL Lagrangians is closely related to coherent states \uj, A). Recall that 
to construct a coherent state |w,A) we need to specify a unitary irreducible representation A 
of G acting on a Hilbert space Va and a vacuum state |0) on which H is a maximal stability 
sub-group, in other words for any h G H 



A(h) |0) = e im |0) , (2.2) | vacuumphasi 

with (j){h) G R. Given such a representation A and state |0) we define the operator Q as 



Q = |0) (0| . (2.3) I Omega 

The LL sigma model Lagrangian on Gj H is defined as 



£ll g/h = £ll g/h + £ll g/h ( 2 - 4 ) |LLsigmamod 

where 



£llg/h = "^Tr (fi<M<?) , (2.5) 
£llg/h = UrtfD.ggiD.g) . (2.6) 

Above, g Jf D a g = g^d a g — g'd a g\ii is just the standard iJ-covariant current. It is then clear that 
^ll g/h i s invariant under gauge transformations 

g^gh, (2.7) 

for any h = h{r , a) G H. We may also show that the same is true of /h- To see ^ s no ^ e 

W7 | v3 ruumphas e 

that the gauge variation of Cjj t G / H , using equation (112.211 . is given by 

MlTg/h = (0| <U |0) = e-^ h) d T ((0\ h |0» = ^ r 0(/i) . (2.8) 

This in turn is a total derivative; and so the full action is invariant under local right H action. 
The Lagrangian also has a global G symmetry 

9^9o9, (2.9) 

for any go G G with d T go = d a go = 0, and the corresponding Nother current is given by 

(j T ,j a ) = (gng\2iD a ggi). (2.10) 



LLLWZ 



4 For a detailed exposition of coherent states see IT? : ;i brief summary, using the same notation as in this 
paper, is also presented in Appendix A of I fis] . 
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In I [15} LL actions were written down in terms of Lie algebra matrices denoted typically 
by N. To make contact with the present notation we note that 

N = g^--l n , (2.11) 

n 

where the second term on the right hand side is included since N is traceless. Finally, let us 
note that these LL sigma models admit a Lax pair representation and as a result are integrable. 
This is most easily seen in terms of the matrix N for which the equations of motion are the LL 
matrix equation 

d T N= l -[N 1 dlN) . (2.12) 
This is equivalent to the zero-curvature condition on the following Lax pair 



M _ 9r _^L_M, ( , 14) 



where [• , •} is the (super)-commutator. In the remainder of this section we construct a number 
of explicit examples of LL sigma models. Further examples of interest in the gauge/string 

jappe 

correspondence are relagated to Appendix IAT The reader who is not interested in the details 
of these examples should skip the remainder of this section. 

2.1 The U(l\l)/U(l) 2 model 

This is one of the simplest LL sigma models, § in that the Lagrangian is quadratic 

£llc/(i|i)/[/(i) 2 = ii>d T il) + d a i)d a il) , (2.15) 

with ip a complex Grassmann-odd field and ip its complex conjugate. Notice that this result 
can be obtained using the explicit 2x2 supermatrix representation of £7(1 11), with the vacuum 
state |0) being the super-vector (0, 1). 



2.2 The SU(3)/S(U(2) x U(l) model 

Before proceeding to our main example - the PSU (2, 2|4) model - in this subsection we show how 

To. "TOj. 



5 The following equation is due to Charles Young. 

6 There is also the equally simple bosonic U(l) LL sigma model. 
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Recall that the Lagrangian for this is 

£-SU(3)/S(U(2) x U(l)) = 

where 



-iU%Ui - -\D a U t \ 2 + KUiU* - 1) 



(2.16) gtsu3 



C, 



-iU l d^Ui , 



(2-17) 



for p, = t, a and U % = U*. To show that we can obtain this from our general expression (ETff 
we write elements of the group SU(3) as 3 x 3 matrix g, split into a 3 x 2 matrix X and a 
vector Y 

g=(X J Y) J (2.18) 
and because g is in SU(3) (i.e. g^g = 1) we have 



igmamodel 



XiX = l 2 , Y^Y = 1^ 
XX ] + YY ] 



X ] Y = , Y^X = 



The kinetic part of the Lagrangian 



igmamodel 

' is then given by 



(2.19) 
(2.20) 



C 



kin SU(3)/S(U(2) x 1/(1)) 



-Tr ((g- 1 D 1 g)(g- 1 D l g)) 



X^DxX XWrY 
Y^DiX Y^DiY 



-Tr 

4 



X^d x Y 
Y^dyX 



4 

^Tr [x^yrtsix] 

--Tr [d!XiYY%X] = -^Tr [3 l Y" t XX' t 3 l Y'] 

i - Tr - II^il] = -\d x Y\5l - YjY j )diYj 

-^Tr [DxX^xX] = -AfDJ, 



(2.21; 



The final expression is the same as the kinetic term of the usual SU(3) Landau-Lifshitz La- 
grangian (IB. 161) upon identifying Yi with Ui (above Y % = Y>). Above, we have defined 



DtY = d 1 Y l -Y i Y :i d 1 Y J , D l Y l = (D l Y l )^ 
D X X = diX - XX^diX , DiX = 



wz 



The WZ term of the Lagrangian is given by equation (112. bj) and can be written as 

Avz su(s)/s(U(2) x i7(i)) = i Tr(XWoX) = —iY l d Yi . 



(2.22) 
(2.23) 



(2.24) 
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This follows from the fact that g 1 dog is traceless and so 

Tr(X^d X) = -Y i d Y i . (2.25) 

Upon identifying Yi with Ui, the WZ term above is the same as the usual SU(3) Landau- 
of. Notice that we have also given an alternate parametrisation of the SU (3) 
Landau-Lifshitz model in terms of X 

x u{1)) = i TriX^doX) - ^Tr [D^D^X] + A(X f X - 1 2 ) , (2.26) 

which has an explicit SU(2) gauge invariance. 

Finally, out of X and Y we may define a matrix which takes values in the SU(3) Lie algebra 

N*j = 3Y% - 8) = -3X ja X ai + 28) , (2.27) 

where a = 1,2. This matrix is however, not a general SU(3) matrix but rather satisfies the 
identity 

N 2 = N + 2. (2.28) 
In terms of N the equations of motion take the form of the matrix Landau-Lifshitz equation 

d N=- l -[N,dfN}. (2.29) 



These are equivalent to the consistency of the following linear problem 

Cip = d a -—N ip = 0, (2.30) 
4ttx 

= d T -—!—N--^-[N,d 1 N} ^ = 0. (2.31) 



2.3 The 577(2, 2|4)/S'(£/(2|2) x U{2\2)) model 

In this sub-section we present an explicit Lagrangian for the complete PS77(2, 2|4) Landau- 
Lifshitz sigma model Lagrangian following the general discussion at the start of the present 

JLI .si gmamode 1 

section. The action we are interested in is the Landau Lifshitz model as defined in equation (112 .41) 

on the coset , „ 

PSU(2,2\4) 

PS(U(2\2) x U{2\2)) ' 1 ' ' 

or on the coset 

Sf/(2 ' 2|4) (2.33) 



5(^(212) x U{2\2)) 
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both of which have 32 real components. The derivation is very similar to the 577(3) Lagrangian 
derived in the previous sub-section, and so we will simply state our results. A general group 
element g can be written as (X, Y) where now X (Y) is a 8 x 4 supermatrix, with the diagonal 
4x4 blocks bosonic (fermionic) and the off-diagonal 4x4 blocks fermionic (bosonic). The 
Lagrangian is then given by 

£ll psu(2, m/ ps(u m x u(2\2) } = iSTr(X^d X) - isTrpxXt/JxX) + A(X^X - 1) . (2.34) 

Note that there are 32 complex degrees of freedom in X, which the constraints reduce to 48 
real degrees of freedom. The action also has a local U(2\2) gauge invariance, so in total the 
above Lagrangian has 32 degrees of freedom - the same as the coset. 

In fact we may write X as 

X = (U a , V a , U a , V a ) , Xt = (U a , V a , U a , V a ) , (2.35) 

where a = 1, ... ,8, and 



U a Ua 


= -1, 


v a v a = 


= -1, 


v a u a 


= 0, 


u a v a 


= 0, 


(2.36) 


u a u a 


= 1, 


v a v a = 


1. 


v a u a = 


0. 


u a v a = 


0. 


(2.37) 


u a u a 


= o, 


u a v a = 


0. 


v a u a = 


0. 


v a v a = 


0. 


(2.38) 


u a u a 


= o, 


u a v a = 


0. 


v a u a = 


0. 


v a v a = 


0. 


(2.39) 



Above we have defined 

u a = u;c b \ v a = v b *c ba , u a = -u;c ba , v a = -v;c b \ (2.40) 



where C ab = diag(-l, -1, 1, 1, 1, 1, 1, 1). 
The Lagrangian fb.41|) written in terms of U a , V a , U a , V a is 

£LLPsu(2,2\*yps(u(2m = -iU a d Q U a - iV a d V a - iU a d U a - iV a d V a 



— (d^dxUa + dtV^Va + d 1 U a d 1 U a + dxV a dxV a 

-u a d l u a ii b d l u b - v a d x v a v b d x v h 

+V a d l V a V b d l V b + U a d x UJJ b d x U h 

+2V a d 1 U a U b d 1 V b - 2V a d 1 U a U b d 1 V b + 2U a d 1 U a U b d 1 U b 

ba t~t i ri-Traa TT TTba f> I OT?Ofl Jlllb 



+2U a d 1 V a V b d 1 U b + 2V a d 1 U a U»d 1 V b + 2V a d 1 V a V b d 1 V b 

(2.41) Ipsu224 

One can check explicitly that this action has local U(2|2) invariance 

(U a , V a , U aj V a ) -> (U a , V a , U a , V a )U(r, a) , (2.42) 

for U a U(2|2) matrix. 
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2.3.1 Subsectors of the the SU[2, 2\4)/S(U(2\2) x U(2\2)) model 

In the above Lagrangian we may set 

[7 a = (l,0 7 ), K = (0,1,0 6 ), U a = (0 2 ,U 3 ,...,U 8 ), V a = (0 2 ,V 3 ,...,V 8 ), (2.43) 
where 

U a U a = l, V a V a = l 7 V a U a = 0, U a V a = 0. (2.44) 
The resulting Lagrangian is that of the SU(2|4) sector. If we further set 

= U 3 = U 4 = V 3 = V,, (2.45) 

we can recover the S0(6) Lagrangian (IflSj ) . Details of this are presented in Appendix BP We 
may further consistently set 

= U 8 = V 3 = V 4 = V 5 = V 6 = V 7j V 8 = l, (2.46) 

in which case we obtain the SU(2|3) Lagrangian (|t9"J), with the identification (U3, U4) = 

We may instead set 

U a = (0 7 ,l), K = (0 6 ,1,0), U a ={U 1 ,...,U 6 ,&), V a = (V l ,...,V 6 ,0 2 ), (2.47) 
where 

U a U a = -l, V a V a = -l, V a U a = 0, U a V a = 0. (2.48) 
The resulting Lagrangian is that of the SU(2,2|2) sector. If we further set 

= U 3 = U 4 = V 3 = V 4 , (2.49) 

we recover the SO(2,4) Lagrangian, which is the Wick rotated version of the SO (6) La- 
grangian (I ji8| ) . In Appendix iffjwe write out this Lagrangian explicitly. 

A final interesting choice is to set 

U a = (0 7 ,l), V a = (0,V 2 ,...,V 7 ,0), U a = (0,U 2 ,...,U 7t 0), K = (1,0 7 ), (2.50) 
where 

U a U a = -l, V a V a = l, V a U a = 0, U a V a = 0. (2.51) 
The resulting Lagrangian is that of the SU(1,2|3) sector. If we further set 

= V 2 = V 7 = U 2 = U 7 , (2.52) 

we get the SU(2\2) Lagrangian. In Appendix OBl we write out this Lagrangian explicitly. 
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3 Green-Schwarz actions and fake ^-symmetry 

in this section we construct GS sigma model actions whose field content are two real bosons 
and 4,8 or 16 real fermions. These models all come from consistent truncations of the equations 
of motion for the full Type IIB GS action on AdS§ x S 5 . Just as any GS sigma model these 
fermionic actions have a K-symmetry. However, we show that for these models ^-symmetry is 
trivial on-shell. As a result one cannot use it to reduce the fermionic degrees of freedom of 
these models by fixing a K-gauge as one does in more conventional GS actions. 

Let us briefly recall the construction of the GS action on a super-coset G/H. We require 
that: (i) H be bosonic and, (ii) G admit a 2 4 automorphism that leaves H invariant, acts 
by —1 on the remaining bosonic part of G/H, and by ±i on the fermionic part of G/H. The 
currents = g^d^g can then be decomposed as 



(3-1) 



currz4dec 



where has eigenvalue i k under the 7L^ automorphism. In terms of these the GS action can 
be written as 



C 



GS G/H 



d 2 a 



<7^Str(if + e^Str(;Wj 



(l)--(3)^ 



from which the equations of motion are 



(3.2) \^ 









-99- 



v-gg 

? (3) ? (2) 
Ja > J/3 

'•(1) 7 ( 2 ) 



a/3 



'•(0) .(2) 
Ja > J/3 



+ ^ 



a 13 



,•(1) ,-(!) 
Ja > J/3 



,•(3) 7 ( 3 ) 
Ja > J/3 



(3.3) 
(3.4) 
(3.5) 



eoml 



eom2 



eom3 



3.1 Fermionic GS actions 



Having briefly reviewed the general construction of GS actions on G/H super-cosets, we now 
turn to the main focus of this section which is identifying GS actions with a large number of 
fermionic degrees of freedom, which are consistent truncations of the full AdS$ x S 5 GS action. 
To do this consider the following sequence of super-cosets 

g(ljl)xj7(ljl) U(2\2) PS(U(l,l\2)xU(2\2)) PSU(2,2\A) 

U(l) x U(l) SU{2) x SU{2) SU(1, 1) x SU(2) 3 50(1,4) x 50(5) ' 1 ' ' 

The C symbols are valid both for the numerators and denominators and hence for the cosets 
as written above. Notice that the right-most of these cosets is just the usual Type IIB on 
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AdS$ x S 5 super-coset. Further, it is easy to convince onself that each of the cosets above 
admits a 2 4 automorphism which is compatible with the 2 4 automorphism of the Type IIB 
on AdS^ x S 5 super-coset. The Z4 automorphisms may be used to write down GS actions 
for each of these cosets. The fact that the cosets embed into each other as shown above in a 
manner compatible with the 2 4 automorphism implies that their GS actions can be thought 
of as coming from a consistent truncation of the GS action of any coset to the right of it in 
the above sequence. In particular this reasoning shows that the GS actions for L r (l|l) 2 /L r (l) 2 , 
U(2\2)/SU(2) 2 and 17(1, 1|2) x U(2\2)/(SU(1, 1) x SU(2) 3 can all be thought of as coming from 
consistent truncations of the Type IIB GS action on AdS& x S 5 . 

Counting the number of bosonic and fermionic components of the three cosets U(l\l) 2 /U(l) 2 , 
U(2\2)/SU(2) 2 and 17(1, 1|2) x U(2\2)/(SU(1, 1) x SU(2) 3 we see immediately that they each 
have 2 real bosonic components and, respectively, 4,8 and 16 real fermionic components - which 
is why we refer to these actions as fermionic GS actions. We might expect that some of the 
femrionic degrees of freedom could be eliminated from the GS actions by fixing K-symmetry. 
In fact, it turns out that for these models ^-symmetry acts trivially on-shell and so cannot 
be used to eliminate some of the fermionic degrees of freedom. Indeed, the GS actions on the 
above-mentioned cosets do have 4,8 and 16 real fermionic degrees of freedom, respectively. 

In the remainder of this sub-section we write down explicitly the GS actions for U(2\2)/SU(2) 2 
and Z7(l|l) 2 /Z7(l) 2 and discuss their k and gauge transformations; the GS action for U(l, 1|2) x 
U(2\2)/SU(1, 1) x SU(2) 3 may also be written down in an analogous fashion but since we will 
not need its explicit form later we refrain from writing it out in full. 



3.2 The GS action on U{2\2)/SU{2)'< 



The GS action on action on U(2\2)/ SU (2) 2 can be written down in terms of the parametrisation 
of the U{2\2) supergroup- valued matrix written as 



g = (X,Y;X,Y) 



where X, Y (X, Y) are four- component super- vectors with the first (last) two entries Grassmann 
even and the last (first) two entries Grassmann odd. Since the matrix g is unitary we must 
have 



1 



-(2|2) 



X^X 
X^Y ■ 
Y ] X ■ 

xx ] 



Y ] Y 
Y ] X 
X ] Y 



-- X ] X 
-- X ] X 
-- Y ] Y -- 

il 1 - 



= x*x 

yty = 

yyK 



= X ] Y = Y ] X 
X^Y = Y^X , 



(3. 



(3.7) ads2s2paraj 



ads2s2cons' 



12 



where the matrix 1(2|2) is just the 4x4 identity matrix. The TL^ automorphism is given by 



Q : M 



a 2 
a 2 



A B 
C D 

which acts on the current as 

/ —Y^dfjY 

UaJ Y%Y -xt^f 
V -Y%X X%X 
The Green-Schwarz action then is 



-B T 



-D T 



a 2 
a 2 



(3.9) 



-Y%Y X^d.Y \ 



Y^d^X 



-YW^Y X%Y 
F^X -X^X J 



(3.10) 



C 



GS U(2\2)/(SU{2)xSU{2)) 



\ J d 2 a y/ggv ((X%X + Y^d,Y){X^d u X + Y^d u Y) 

-(Xt^X + Y^d^Y)(X^d v X + Y*d v Y)^ 
+2ifT (x^d^XY^d^Y + Y ] d^YX^d u X 

-X^d„YY^d v X - X^d^YY^duX) . (3.11) 



One can easily check that this action has a local 577(2) x SU (2) invariance which acts on the 
doublets (X, Y) and (X,Y). The action also has K-symmetry which acts on the fields as0 

6 K X = _X(ei + !i)-y(e a + I 2 ) 

5 K Y = iX(e 2 -e 2 )-iY(e 1 -e 1 ) 

5 K X = X(e 1 + e 1 )+«y(e 2 -I 2 ) 

5 K Y = X(e 2 + e 2 )-iY(e 1 -h), (3.12) 



where 



Itf (X f «9 a X + Y^d a Y + X^d a X + Y^d a Y)K i>p 
XTj{X^d a X + Y*d a Y + X^d a X + Y^d a Y)k l)P 



Z4autu22 



u22gs 



ku22coord 



(3.13) ku22eps 



for i — 1 , 2 with K ij( g and Kj i( g local Grassmann-odd parameters. The world-sheet metric also 



varies as 



-99 



a/3\ 



n+ 7 [nl ^Pd^X - iY^d^Y) + k^ + O^X + iY^d 7 X) + c.c.) + 

+rr 7 (/^(x^x + lY^d^Y) + ^.(r^x - zr f 9 7 x) + c .c. 



a 





a <->• j3 . 
(3.14) 



ku22metric 



7 The K-action below has the nice feature of acting as a local fcrmionic group action by multiplication from 

Imc artrnir 

the right. Such a representation was originally suggested in pol and was developed more fully for the AdSs x S 
Ifflebnotes 

GS action in the formulas below are a simple extension of this latter construction to the coset at hand. 
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Notice that the above variation is consistent with the symmetries and the unimodularity of 
\ / ~99 a/3 as long as 

< = n? Ki)/3 , «? = n^K iwJ . (3.15) 

In the above formulas we have decomposed two-component vectors v a as 



J ± 



(3.16) 



3.3 The GS action on £/(l|l) 2 /£/(l) 2 

To obtain the GS action on U(l\l) 2 /U(l) 2 we may simply set 

= X 3 = Y 4 = X 1 = Y 2 . (3.17) 

J u22g s J ada2s2param 
in the action (113.1111 . This is because now the group element g given in equation (II3./|) belongs to 



£/(l|l) 2 C U(2\2); this truncation is also consistent with the 2Z4 automorphism (IQ j) . As was 

argued at the start of this sub-section these facts imply that setting the above components to 

Ju22gg 

zero is a consistent truncation of the equations of motion for the action (113. 11|) . The GS action 
for the truncated theory then is 



C 



GS U{1\1) 2 /U{1) 2 



\ J d 2 a {(X^d.X + Y^d,Y)(X^d u X + Y^d u Y) 

-(X^d^X + Y^d»Y)(X^d v X + Y%Y) 
-2ie^ (x%YY*d v X + X^d„YY%X 



It has two U(l) gauge invariances 

X 
X 



e i6l X, Y^e i6l Y, (3.19) 

e i92 X, Y^e id2 Y, (3.20) 

faL22coord J jai22metric 
as well as K-symmetry which is simply the restriction of equations ( 13.12)) and ( 113.141) . 

If we parametrise the group element g = (X, Y, X,Y) G £7(1 |1) 2 by 

1 , On ~ ~ /O Ts , r / ~ At /O / _ 1 



X 
X 



( e «/2(l + ±^,2) } o, 0, -e~ ia/2 ^) 
(O.e^.e-il-^O), 



Y = (0, e i4/2 (l + V 



-ia/2- 



fj,0) (3.2i; 



Y = (e it/2 tp ,0,0, e- iQ/2 (l - Up 2 )) , (3.22) 



££11112 



where i\) 2 = ^-0 and r/ 2 = 7777, the action (IB.18I) becomes 



C 



GS U(l\l) 2 /U{l) 2 



(3.18) gsull2 



(3.23) gsull2comp 
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This action was postulated in p83] to be a consistent truncation of the full Type IIB GS action 
on AdSz, x S 5 , by checking the absense of certain cubic terms in the latter action, using an ex- 
plicit non-unitary representation for PSU(2, 2|4). Here we have shown that on group-theoretic 
grounds this action is indeed such a consistent truncation, and have obtained its form using a 
unitary representation of the group. 



On the local coordinates defined above K-symmetry acts as 

5r]i = €i , St= -5a = i (rfe; + 77^) . 



(3.24) 



In particular notice that 8cf) + = 0. The parameters are not however free, instead they are 
given by 



3 = I VidaV* + id a <fi- + ir]\d a (f) + ) re? . 



(3.25) epskappa 



Above nf are complex- valued Grassmann functions of the world-sheet; their complex conjugates 
are denoted by re Q \ We will also require that the metric vary under re-symmetry as 



1 

2 L 



K {a P^ h (-7] 1 d 7 4> + - irfd^ + 2id 1 r h + 2<9 7 t? 2 ) 

+R i - a pP ) \-r l 1 d 1 <P + + zr/ 2 9 7 + - 2z<9 7 r/ 1 + 2<9 7 7? 2 ) 
+^ a P^ h (r ]l d 1 (f) + - zr/ 2 <9 7 </>+ - 2^ 7 r/! + 2<9 7 r/ 
+^ (a Pf )7 (r/ 1 9 7 + + ir/ 2 a 



y 7 ^+ 



2ia 7 r/ 1 + 29 7 r/ 2 ) 



-00 



izP^iji + <<9 7 ?7 4 + -8^+^ -f]i - re- 77" 



ie a ^ (^0^2 + re^i - K^drf - kP%t) x 
~e a ^d l( f) + («?7fc + re^i + V + re^T? 



(3.26) epskappa 



where aH® = a a b p + a'V and 



re, 



7 

-IK 

2 



(3.27) 



with the complex conjugates defined 



7C 



and re = re. The above variation of the metric 



is symmetric and since \/—gg a ^ has unit determinant (is uni-modular) we require that 



K 



(3.28) 



] gajill2comp 

Using the above formulas one can check that the action (Il3.23jl is indeed invariant under this 
symmetry. However, as we show below this local symmetry is trivial on-shell. 
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partlim 



3.4 Fake /^-symmetry 

In this sub-section we show that K-symmetry acts trivially on-shell on the fermionic GS actions 
studied in this section. To see this most easily we will first consider the particle limit (in other 
words we remove all a dependence of fields) for the action £ GS c/(i|i) 2 /t/(i) 2 - This gives 

Article = ~ J dre' 1 ^ (j)- + (fi+rfrii - i^rf - irfi)^ = - J dre^cfi+a , (3.29) | supart 

where for convenience we have defined % 

+ <j>+r)\ - irjif] 1 - ir]\j . (3.30) 
Setting e = constant, we may solve the the + , 0_ and rji equations of motion to get 

+ = 2kt, 0_ = At, Vi = e- iKT Voi, (3-31) 

where k, A (respectively, rj 0i ) are complex constant Grassmann-even (odd) numbers^] Finally, 
we turn to the equation for the einbein e which reduces to 

k\ = 0. (3.32) 

or in other words forces us to set either k or A to zero. As a result the theory consists of two 
sectors, one with k = and the other with A = 0. The former sector is trivial and uninteresting 
as all fields apart from 0_ are constant and the energy is zero. The physically more relevant 
sector has A = and 

Let us now turn to the k invariance of the action (113.^91) . It is easy to see that this action is 
invariant under 

5cj) + = , 5r]i = , <5</>_ = ia{rfni + t^k 1 ) , 

^(e- 1 ) = 2i(77X + + Mv 1 ^ + run 1 ) , (3.33) 

where Ki are arbitrary Grassmann-odd functions of r. Since we are free to pick the parameters 
Ki one might think that we could simply gauge away the femrionic degrees of freedom using 
this symmetry; had the k variations been of the form 



8 As an aside note that the fermion index i can now run over any number and is not restricted to i = 1, 2 as 
is the case for the super-string. This is quite typical of K-invariant particle actions. 

9 In the above solution we have, without loss of generality, set the constant parts of 0+ and 0_ to zero. 
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we would have been able to gauge away the fermions. In fact this is not the case: the k variation 
of the fermions instead reads 

5r]i = , (3.34) 

From the equation for the einbein e we see that in fact a = (in the physically important 
sector for which k ^ as discussed above) and so on-shell the above k symmetry acts trivially 
on all fields except the einbein itself. But any k variation of the einbein e can be compensated 
for by a diffeomorphism. We conclude that while the actions (113.291) and (113. 16j) formally have a 
ft-symmetry, this has a trivial action on-shell and so cannot be used to eliminate any fermions. 

The argument in the above paragraph relies on the fact that on fermions /t-symmetry was acting 
as Srji = and on-shell a = 0. Returing to the fermionic GS superstring actions discussed in 

| kn?3eps 

this section we see from equation (113. 1 3 j) that here too /t-symmetry acts as 5rji = a stving Ki, where 
now 

^string {X^d a X + Y^O a Y + X ] d a X + Y ] d a Y) . (3.35) 

It is easy to check that because of the Virasoro constrains a str ing is also zero on-shell. We 

J gjLuj 1 2conig 

conclude that the K-symmetry of the action (113.231) is trivial on-shell and so cannot be used to 
eliminate any fermions. 



4 Large charge limits of fermionic GS actions 

sec4 

Given a 2Z 4 automorphism on some coset G/H we may construct a Green-Schwarz Lagrangian 

Jz4es 

for it i \b.'Z\) . On general grounds the large charge limit of this Lagrangian should be a generalised 
Landau Lifshitz sigma model. Further, since we expect the global charges of the two actions 
to map onto one another, this LL sigma model should be constructed on a coset G/H. In this 
section we will attempt to identify H. 

One step in this direction is to count the number of degrees of freedom that the GS action 
has and compare it with that of the LL model. For example in the case of the Type IIB 
superstirng on AdS^ x S 5 there are 10 real bosonic degrees of freedom, and there are 32/2 = 16 
fermionic degrees of freedom (where the factor of 1/2 comes from k symmetry). In the large 
charge limit two of the bosonic degrees of freedom are eliminated; the remaining eight are 
'doubled' since the LL Lagrangian should be thought of as a Lagrangian on phase space. The 
16 fermions are described by coupled first order equations. When taking the LCL we integrate 
out half of the fermions, in order to arrive at second order equations \w\ , leaving us with 8 real 
fermionic degrees freedom; as in the case of the bosons this should also be 'doubled', leaving 
us with 16 fermionic degrees of freedom. At this point we may simply guess what H is in the 
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case of G = PSU(2, 2|4), since the only coset of the form G/H with 16 bosonic and fermionic 
degrees of freedom each is 

H = PS(U{l,l\2)xU(2\2)), (4.1) 
though of course in this case H is well known from gauge theory. 

Let us persue this counting argument further and consider the GS action on 



(4.2) 



This is a sub-sector of the classical GS string action on AdS$ x S . It has 2 real bosonic 

J partlim 

degrees of freedom and 4 real fermionic degrees of freedom. As was shown in section 113.41 k- 
symmetry in this case is trivial on-shell, and so, following the counting argument in the previous 
paragraph, we expect the LL sigma model corresponding to the LCL of this GS action to 
have 4 real fermionic degrees of freedom and no bosonic degrees of freedom. The only such 
coset is 

(4 3) 

in other words H = U(l) 4 . 

Similarily, we may consider the bigger sub-sector of the full classical superstring on AdS$ x S 5 

U(2\2) 



SU(2f 



(4.4) 



for which K-symmetry is also trivial on-shell. This sub-sector has 2 bosonic and 8 fermionic 
d.o.f. As a result we expect the LL sigma-model to have no bosonic d.o.f. and 8 fermionic d.o.f. 
Again this is enough for us to identify 

aw ' ( 5) 

as the coset on which the LL sigma model is constructed. Finally, the largest classical sub- 
sector of the GS string action on AdS^ x S 5 for which ^-symmetry is trivial is the GS action 

PS(U(l,l\2)xU(2\2)) 

SU{1,1) x SU(2) 3 ' 1 ' 



10 For the bosons we subtract two real degrees of freedom in the LCL and double the remaining ones. In the 
present case this gives 2 x (2 — 2) = d.o.f. For the fermions, the number of d.o.f. in the LL sigma model should 
be the same as that of the GS string once K-symmetry is fixed. This is because, once K-symmctry is fixed, we 
halve the number of d.o.f. since the GS action gives first order differential equations, and the LL action gives 
second order differential equations; we then double it because the LL action is an action on phase space. In the 
present case, since K-symmetry is trivial on-shell we end up with 2x4/2 = 4 fermionic d.o.f. 
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By our counting argument the corresponding LCL coset should have 16 fermionic and no bosonic 
d.o.f. As a result, the LL sigma model which corresponds to the LCL limit of the GS action on 
(17(1, 1|2) x U(2\2))/SU(1, 1) x SU(2) 3 is constructed over the coset 

PS(U(l,l\2)xU(2\2)) 

[7(1,1) x [/(2) 3 ' 1 ] 

While this counting argument shows how to identify H, it is not very clear how the LCL 
should be taken in practice and in particular how starting from a GS action one arrives at a LL 
action. The rest of this section will address these issues in the three cases of G = U(l\l) 2 , U (2|2) 
and U(l, 1|2) x U(2\2). We will restrict our discusion to the leading order term in the LCL and 
leave the matching of sub-leading terms to a future publication. 



4.1 Matching the £7(1|1) 2 sub-sectors 

In this subsection we will argue that the large charge limit of the Lagrangian given in equa- 
l s si i1 12 bsiil 12cpmp 
tions (IK. 181) and (113.2811 which describes the Green-Schwarz string on the coset 

mi)2 (48) 

W ' (4 - 8) 

is given by the Landau-Lifshitz Lagrangian on the coset 

(4 9) 

We will first arrive at this result in a very pedestrian way. Since general solutions to both 
the LL and GS cosets can be given explicitly in full generality we will write them down using 
unconstrained coordinates. On the GS side, 

<f) + = KT, (4.10) 

the general solution takes the form 

CO 

n=— oo 

where ipt- are constant Grassmann-odd numbers, and 



uj n = ^n 2 + K 2 /A. (4.12) 

laaf 

11 This is somewhat different to the comparison between gauge and string theory done in ([28]") where it was 

argued that on the gauge theory side the coset should be C/(1|1)/J7(l) 2 . 
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r/2 is completely determined via the equation of motion 



H 



d a r) 2 = idrT] 1 - -t)' 



(4.13) 



In the LCL we take k — > oo in which case we have 



^ikt/2 



n=l 



+e 



-ikt/2 



+ Yl e ~ in2T/K (^n eina + ^Z n e- ma ) 



3 «t/2 



ll + e 



n=l 
-ikt/2 



2 LL 



(4.14) 



where ib% ll and ib 2 ll are the 2 complex fermionic d.o.f. for the LL sigma model on (see 

I T. T .iill 

equation (112.151) ) 

U(l\l) 2 



f/(l)4 • 

In particular, after rescaling r — » kt, they satisfy the equations of motion 

0=(%-id T ) 1pl,2 LL • 



(4.15) 



(4.16) 



In this way we match, to leading order in the LCL, the classical string Lagrangian with the 
corresponding coherent state continuum limit of the gauge theory dilatation operator in the 
U(l 1 1) 2 sub-sector. 

Notice that physical string solutions have to satisfy the level-matching condition 

»2tt 

di<fi- = 2-Km , for m e 7L . (4-17) 

The winding parameter m does not, however, enter the LCL Lagrangian Rather, it gives a 
constraint on its solutions. This matches the spin-chain side where m enters as a constraint 
on the Bethe roots, but does not enter the algebraic Bethe equations or the LL sigma-model 
action. This feature is very similar to the SL{2) sector discussed in 



levmatch 



4.2 Large Charge Limit of fermionic GS actions 

In this section we re-phrase the above discussion in terms of the embedding coordinates 

(k) 

X, Y and the currents . This allows for a straightforward generalisation from the 
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U(l\l) 2 sub-sector to the U(2\2) and *7(1, 1|2) x U(2\2) sub-sectors. We present the explicit 
discussion only for the case of U(2\2), but the other case follows almost trivially. 



The first thing to note is that the equation of motion for one of the two bosonic fields, 



'+■ 



is particularily simple in the GS models presently considered. This can be obtained as the 

I rottiI 

super-trace of equation ( \b.'6\) . As a result we may set 



X^d„X + Y^d.Y - X^d„X - Y^d.Y = in5 



fx,, 



Using this, in conformal gauge the equation of motion for the off-diagonal component of the 
worldsheet metric implies that 



while the fermionic equations of motion 



X^d a X + Y ] d a Y + X*d ff X + Y ] d a Y = 
a2 j£am3 



= «(# 



(3) 



,•(3)^ 
J a j 



+ ... 



reduce to | 



(4.20) 



(4.18) phipansatz 



(4.19) offdiagVir 



f ermrel 



As a result of these relations the WZ term does not contribute to the bosonic equation of 
motion fli"^i) . lj This fact allows us to check explicitly that the bosonic equations of motion, 

e jjiansatz 
181) . are consistent with the equations of motion for the metric g yw 

in conformal gauge. In fact these Virasoro constraints then imply that 



-V,o 2 ' 



D^a = -5^,o- 



(4.21) 



ten 



As in the discussion around equation above, the level matching condition that follows 

from the Virasoro constraints does not enter the LCL action. 

[ph i p an sjaf £d j ag V i r I f m-tir e 1 
Using equations ( 14.181) . (M. and (I4.20jl together with a rescaling r — > kt we may re-write 



12 In terms of X, Y, X, Y this implies that we have relations of the form 

X^d T Y = iX^d a Y , X^d T Y = -iX^d a Y , 



etc . 



3 This is easy to see since the WZ term's contribution to these equations is proportional to 



JT , JIT 



,■(3) ,(3) 



However, since j)- 



(l) 



-ji 1 ' and j| 3) 



(3) 

j„ each of these commutators vanishes scpcrately. 
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the GS Lagrangian in conformal gauge as follows 



= rr (x^x + yt^y - x^x - y^y) 
x (xt^x + yt^y + xt^x + yt^y) 

-2Str (^W) 

= z (xta r x + yt9 r y + xtd r x + yt«9 r y) - STr + jf)(j« + if)) 

= ^LL C/(2|2)/[/(2) 2 (4.22) 

The right-hand side of the above equation is nothing but the LL sigma model Lagrangian 
defined on G/H, where H is fixed under the 7L 2 automorphism which is the square of the 2 4 
automorphism used in the construction of the GS action. We have thus shown that to leading 
order in the LCL the fermionic GS actions constructed in section [3] above reduce to LL sigma 
model actions in the manner anticipated by the general argument presented at the start of the 
present section. It would be interesting to consider sub-leading corrections to this LCL for 
example in a manner similar to flt5] . 



4.3 A gauge-theory inspired k gauge 

The GS sigma model on AdS^ x S 5 has K-symmetry. This, as well as other symmetries of the 
string action, such as world-sheet diffeomorphisms, are not manifest in the corresponding spin- 
chain simply because this latter system keeps track only of the physical degrees of freedom. One 
of the challenges of defining a LCL is to identify suitable gauges for these stringy symmetries 
in which the physical degrees of freedom are written in the most natural coordinates for the 
spin-chain: while all gauges should be in principle equivalent it may be much more difficult 
to define a LCL between the two theories if we pick an unnatural gauge. In the previous 
sub-section we have defined an LCL which matches all 16 fermionic degrees of freedom from 
the GS action to the corresponding LL model in a very natural way. This strongly suggests 
what K-gauge should be used in the full AdS§ x S 5 string action when comparing to gauge 
theory. Specifically it should be the gauge which keeps non-zero the 16 fermions of the coset 
PS{U{1, 1|2) x £/(2|2))/(£77(l, 1) x SU(2) 3 ). In fact this is the gauge used recently in |§J and 
the above argument can be interpreted as one motivation for their K-gauge choice. 
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A Some examples of Landau-Lifshitz sigma models 

appe 

In this appendix we collect some expressions for a number of relevant Landau-Lifshitz sigma 
models. 

A.l The SU(2\3)/S(U(2\2) x U(l)) model 
The S77(2|3) sub-sector sigma model Lagrangian is I flSj 

£ll su(2| 3 ) = -ilPdrUt - i^dripa - \\DMl 2 - ^D a ip a D a ifj a + AiUiU' + ij a r - 1) , (A.l) [j^23 



where 

Dp = dp-iCp, D^d^ + iC^ C^-iU'd^Ui-i^d^a, (A.2) 
and ijj a = ip* a and a = 1, 2. 



A.2 The SU{4)/S{U{2) x U{2)) model 

so6 



The 50(6) ~ SU{4) sub-sector sigma model Lagrangian is I [l8] 

£ll su(4) = £su(4) wz - ^Tr(dim) 2 - -*-Tr(m<9im) 2 + A(m - m 3 ) 

o oZ 



-iV t d T V i --\D a V i \' + A 1 (V l V i - l)+A 2 (V i V i - 1) + A;(W j -1),(A.3) [gtso6 



where is a 6 x 6 matrix, related to by 

rrnj = ViV j - VjV* , (A.4) 

and 

Dr = dp-iC^ C„ = -iV%Vi. (A.5) 
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Let us define 

a ir A 1 HA 

b = ^ m ijP b i rn l3 
where p are the usual SU (4) p-matrices. Notice that 

M t = M, 



TrM = . 



M = M . 



and so we can write it as 



M = 2XX ] - 1 = -2YY ] + 1 
where now X and Y are 4x2 matrices which satisfy 



X^X = 1, 



yty = i 2j 



x f y = o , r f x = o , 



Further we can write the 4x2 matrix X as two four-component vectors Ua and va 

X = (ua,V A ) , 

in terms of which M A B can be written as 

M A B = 2u A u B + 2v A v B - 5^ , 

with 

u a ua = 1 , v a va = 1 , u a va = . 
We can relate ua and va to Vi by 

Vi = ^7f A p AB V B , V 1 = ^fAp lAB U B . 

It is an easy check to see that these are consistent with 

V t V l = 1 , ViVi = , M A S = ViV^ p^ A b ■ 
In terms of these, the Lagrangian is 

£ll SU(4) = 



iu A d UA — iv A d VA — -\d\u A d\UA + d\V A d\V A 



+u A diUAU B diu B + v A d\v A v B d\V B + 2u A d\V av b d\U B 



-iTr{X%X) - -Tr(D 1 X^D 1 X) 



(A.6) 

(A.7) 
(A.8) 

(A.9) 
(A.10) 



(A. 11) | collvect 



(A.12) 



(A. 13) uvconds 



(A. 14) 



(A.15) 



natgencoon 



(A.16) goodllso6 
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so6sub 



As before 

X = (u A ,v A ), X^=h A A, (A.17) 

D^X = d^X-XX^d^X. (A. 18) 
.161) has a local U(2) invariance 

X^XU(r,a), (A.19) 

for U(t,<j) a general U(2) matrix 

17* (r, a)U(r, a) = U(t, <t)U\t, a) = 1 2 . (A.20) 

I crnnril lso6 

In terms of the ua and the action (IIA.lbj) is invariant with respect to the following local 
transformations 

(ua,Va) — > (cos 9(t, a) ua + sin 9(t, a) v A , — sin 9(t, a) ua + cos 9(t, a) va) , 
(u a ,va) - (e^ T ^u A ,e^ T ^VA), 
(u A ,v A ) - (e^^ MA ,e-^^t; A ), 

- (e^ CT V -e i<fe{r ' CT W) , (A.21) 

A. 2.1 Subsectors of the SU(A)/S(U(2) x [7(2)) model 

When written in terms of the V*, the Lagrangian £su(4) can be reduced to the SU(3) sub-sector 
by requiring 

V 2a = -iV 2a ~ l = -^=U a , a = 1,2, 3, (A.22) 
v2 

which can further be restriced to the SU(2) subsector for V 5 = = V 6 . In terms of the ua and 
va this restriction is easily enforced by setting for example 

u A = (U u U 2 , U 3 , 0) , v A = (0, 0, 0, 1) . (A.23) 

e Ecgn ds 
.131) . Restricting to the SU(2) sector is 

b""^"! lso6 

achieved by setting u 3 = U 3 = 0. Upon inserting these ansatze, the Lagrangian fllA.lbj) reduces 
to the Lagrangian (112. lb I) . 

Another interesting sub-sector is obtained by setting 



u A = (Ui,U 2 ,0,0) , ^ = (0,0,^3,14), (A.24) | su2su2sub 
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together with the conditions 

U X U X + U 2 U 2 = 1 , V X V X + V 2 V 2 = 1 . (A.25) 

This results in SU(2)xSU(2) subsector consisting of two decoupled SU(2) Landau Lifshitz 
Lagrangians. 

A.3 The SU(2,2)/S{U(2) x U{2)) model 

For later convenience we present here the 50(2, 4)/5(0(2) x 0(4)) ~ SU(2, 2)/S(U(2) x U{2)) 
Landau-Lifshitz Lagrangian 

1 



£llsu(2, 2 ) = -iV'doVi- -\D a Vi 



2 



-iu A d u A — iv A d v A — - (^diU A diU A + diV A div A 
-u A d\U A u B d\U B — v A diV A v B d 1 tv B — 2u A d\V A v B d\U B ^ 



m{pd Q X) + -Ty{D 1 Pd 1 X) , (A.26) | g oodllso24 



where 

V^V*^, where % - = diag(-l, -1, 1, 1, 1, 1) , (A.27) 

and 

u A = u* B C BA , v A = v* B C BA , where C AB = (1, 1, -1, -1) . (A.28) 
The 4x2 matrix X has two columns 

X={u A ,v A ), (A.29) 

and the covariant derivatives are 

Dfti = dpVi + VtdfijVi, (A.30) 

D^X = d^X - XX^d^X . (A.31) 

We define 

*' - - ( t ) • (A ' 32) 

This is done for convenience, so that the form of the action in terms of X is independent of the 
signature. The fields in the Lagrangian (IA.26I) now satisfy the constraints 

X ] X = 1 2 , (A.33) 
V% = -1, Wi = 0, (A.34) 

„~.A~ 1 ~A~ 1 ~A~ 



u u A = — 1 , f f a = — 1 , 5^ = 0. (A. 35) uvlorconst 
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The action (1IA.26J1 has a local non-compact U(2) invariance 

X->XU(t,<t), (A.36) 

for U (t, cr) a general U(2) matrix 

U\r, a)U(r, a) = U{t, a)U\r, a) = 1 2 . (A.37) 

I crnnHI lso24 

In terms of the u A and va the action (1IA.26j) is invariant with respect to the following local 
transformations 

(u A ,v A ) (cosO(r,a) u A + smO(r,a) v A , — smO(r,a) u A + cos9(r,a) v A ) , 
(u A ,v A ) - (e^ T ^UA,e^^v A ), 
(u A ,v A ) - {e^ a H A ,e-^^v A ), 

(u A ,v A ) - (e^ T ^v A ,-e^ T ^u A ), (A.38) 

To relate the Vi coordinates to the u A , va coordinates recall that the SU(4) p matrices could 
be combined into 8x87 matrices of 5*0(6) as follows 



7*= I p L P \ B I > <=1,...,6, (A.39) 



with the 7* satisfying the S0(6) ant i- commutation relations 

{7*, y'} = 25 ij . (A.40) |dirso6 

The 5*0(2,4) 7-matrix algebra is instead 

{f,y} = -2?f. (A.41) 



dirso24 



Given a set of SO (6) 7 matrices we can define 



f= { 7 \' i - 1 > 2 > ( A .42) 

17* , z = 3, . . . , 6 , 



which satisfy (IA.41|) . Similarily we will define 



A., i = l,2, and -.. <s = P«' », -1,2, 

*Pab » i = 3, . . . , 6 , «p iAi * , i = 3, . . . , 6 



which now satisfy 

PabP jBC + P A bP jBC = -2%rf , (A.44) 
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as well as 

^?abP° D = 2(« - Sffi) ■ (A.45) 
Note also that for SU(4) p matrices we had 

(PabT = ~P lAB , (A.46) 
while for the SU(2,2) p matrices we have 

{P\bT = V 1 V AB - (A.47) 
The relationship between the va, ua and the Vi is 

V = ^f A ~p\ B v B , V* = ^fA~ P lAB u B . (A.48) 



J goodllso 

This can be used to derive the equality between the first and second lines in equation ( 1IA.26I1 . 
A. 3.1 Subsectors of the SU(2, 2)/S{U{2) x U{2)) model 

When written in terms of the Vi, the Lagrangian £ll su(2,2) can be reduced to the SU(1,2) 
sub-sector by requiring 

V 2a = -iV 2a ~ l = -^=U a , a = 1,2, 3, (A.49) 

which can further be restriced to the SU(2) subsector for V 5 = = V 6 . In terms of the ua and 
va this restriction is easily enforced by setting for example 

u A = (Uu U 2 , Us, 0) , v A = (0, 0, 0, 1) . (A.50) 

We require 

3 

J2v ab U* a U b = -I , (A.51) 



o=l 



.3b|) . Restricting to the SU(1,1) sector is achieved by setting 



bnnHI lso24 

u 3 — U 3 = 0. Upon inserting these ansatze, the Lagrangian (1lA.26[) reduces to the standard 
SU(1,2) Landau-Lifshitz Lagrangian 1 ^8] 

£su(i,2) = -iU a d U a - ^\D a U a \ 2 + A(U a U a + 1) , (A.52) 

with a = 1, 2, 3 and U a = r] ab W. 
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A.4 The SU{2\2)/ S{U x U{1\1)) model 

Lets construct the LL model on S77(2|2)/S({7(1|1) x U(l\l)). Starting from equation 
with Tr now replaced by STr we may define 

9 = {X,Y), 

with X and Y super-matrices which satisfy 



jLT.sigmamodel 



(A.53) 



X^X = 1 2 , Y ] Y = 1 2 , XX ] + YY ] 



h 
1 2 



(A.54) 



The LL Lagrangian for this model is then 



C 



LL SU(2|2) 



ISTr 



!» i -i* 
, 9 o Q g 

n 



^STr {(g' 1 D 1 g)(g' 1 D 1 g)) 



iSTr(X t 9 X) - -STr [DjX+DiX] 
2 



(A.55) 



where 



AX = d ± X - XX^dtX . (A.56) 
The bosonic base of SU(2|2) is SU(2) xSU(2), where in the case of interest to us we write 

X = (u A ,v A ), A = 1...,A, (A.57) 



with 



and 



u A u A — — 1 , v a va = 1 



U A EE UgC BA 



V A EE l^C^ 



At 



(A.58) 



(A.59) 



where C ee diag(— 1, — 1, 1, 1). Note that the first (last) two components of u A {v A ) are 
bosonic and the last (first) two components of u A (v A ) are fermionic. 

£ll su(2|2) = -iu A d u A - iv A d v A - ^ (pi^d^A + d 1 v A d 1 v A 

— u A diu A u B diu B + v A diV A v B d 1 v B + 2u A div A v B diUB^j ■ (A. 60) goodllsu22 

t iodl] stj 22 
.601) has "a local non-compact U(l|l) invariance 

X -> Xtf(r, <r) , (A.61) 
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for U(t,ct) a general U(l|l) matrix 

U*(t, a)U(r, a) = U(t, <t)U\t, a) = 1 2 . (A.62) 

bnnHI lsu22 

In terms of the u A and v A the action (IIA.bOj) is invariant with respect to the following local 
transformations 

(u A ,v A ) -> (u A + v A 9 1 (r,a),v A + u A 9 1 (r,a)) , 
(u A ,v A ) -> (u A - iv A 9 2 (T,a),v A + iu A 9 2 (T,a)) , 
(u A: v A ) -> (e^^e** 1 ^^), 

(ua,i;a) - (e^^e"^^), (A.63) 
where ^2 (#1, #2) are real Grassmann-even (-odd) valued function. 



]gsull2 

B Quantising the action (13. 181) in the t + a = kt gauge 



appa 

J gajill 2 J gaUfLl 2 c omp 

Given the simple form of the action (13.1.8)) . (IB. 231) we present a brief light-cone quantisation of 

it here. The main point is that, as expected, the Hamiltonian has a non-zero normal ordering 



hinrmn 

constant flQgft 



rdconst 



Since the equation of motion for + is 

= d lt {^/gg fU/ d v </>+) , (B.l) 
we may impose conformal gauge (g^ = rj^ v ) and set 

<f) + = 2nT. (B.2) 
The fermionic equations of motion then reduce to 

= (id + K)rf + d^j , (B.3) 
where % ^ j. The fermionic fields have the following periodicity conditions 

Vl (r , 2tt) = e ia Vl (r , 0) , r, 2 (r , 2tt) = e" <a 771 (r , 0) , (B.4) 

The fermionic equations of motion then are solved by 

00 

Vl = e n e i{na+UnT) + 6 n e l{na ~^ T) , (B.5) 



f ermeoml 



n=— 00 
00 



m = t n e- i{na+u,nT) + Le- i(ncT - UnT \ (B.6) 



n=— 00 
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where 



and for n ^ 



O0n=\lni + -, (B.7) 



= -^-£ B , * = — ^£„, (b.8) 



while for n = 

O = o = £o. (B.9) 
The Virasoro constraints can be used to find 0_ in terms of the other fields 

= d (j>-+ l -vMv l -^v\i (B.10) 

= di0- + ^iV. (B.ll) 
The Nother current for time translations t — > £ + e is 

= -^^+ - ^0- + ^<V/ - Id^+rfrii - e M " (r]iKv2 - rf^rA • (B.12) 
We can use the equations of motion to write the Hamiltonian of the system as 



H K = — — / dajl = 2k + — / darji'dorf . (B.13) I Hkappa 



2tt J JU 2tt 

The canonical momentum conjugate to rji is Aim] 1 and so upon quantisation we must have 

{Tf (r, a), % (r, a')} = -^(a - cT) • (B.14) 
As a consequence the mode oscillators have the following non-zero anti-commutators 

1 Sri; sm f C nm , I Sni w | ^nm-tr, > ^iJ.lOJ 

k J l07TKa; n L J lo7TKCo' rl 

together with 

{£o,£o} = -^, {IoA} = -^, (B.16) 

k J SlTK I J 87TK 

with all other anti-commutators equal to zero. With the convention that £ n , £ n , £o and 6q are 
the annihilaiton operators the normal ordered expression for H K in the quantum theory is 

H K = 2k(^o + hh) +4^1 + ) + °« ■ (B-17) 

The normal ordering constant a K is 



a « = Z^E w - (B.18) 



47TAC 

n=— oo 
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normordcon; 



The remaining non-trivial bosonic Nother current for the rotations 

77i^e ie 77i, V2^e~ ie ri 2 , (B.19) 

is 

3l = ^0+(W - V2V 2 ) + 2i V ^d„MV2Vi + vW) • (B.20) 
The corresponding normal-ordered conserved current is 



J = J daj c Q = ^ J da(7] 2 r] 2 - r^r} 1 ) 



2k9 9 - 2k^ + V u J -^2 ) . (B .2i; 



In this case the normal ordering constant is zero. Since 0_ is periodic in a we require that 

/*27T /•27T . 

= / = z / c/ar/i ft 7/ , (B.22) 

Jo Jo 

In the quantum theory this is equivalent to the level matching requirement 



= y nLUn { ) | physical ) . (B.23) 

\UJ n - K UJ n + K I 

n=tO 



Finally, we may compute the four non-zero supercharges 

(B.24) 
(B.25) 
(B.26) 
(B.27) 

The above (super-) charges form a £7(1 |1) 2 algebra and in particular we find 

[H K ,J]=0, {Q u Q} = -±8ij. (B.28) 

<57T 



Qi 


= i 


r2w 

lo 


—O 1 


;. KT d(J 1 


= K^O 


Q 2 


= i 


f-2lT 

10 


d(J n 2 

Ztx 


= «e 4KT — r/ 2 


= «f 


Qi 


= i 


/■27T 

lo 


27T W01 






Q2 


= i 


/■27T 

lo 


— o 3 


= Ke mr — r/ 2 = 

Z7T 





32 



gsu!12 



C Comments on conformal invariance of the action (13.181) 



appb 



Jgajj±12 JgauJ 12comp 

In this appendix we entertain the possibility of using the action Polyak 




string action. As a warm-up let us integrate out <p_ in the action 
effective action for the fermions in which we may set 

4> + = 2kt . 

Explicitly we then have 

C e $ = (-«) J d 2 a irji d rf - 2nrfr}i + 771 <9i 772 - 77 1 <9i if . 
We may represent the worldsheet gamma matrices as 

and define a world-sheet Dirac spinor as 



tov 

12com p 

231). We arrive at an 



(C.l) 



(C.2) 



-i 

-i 



(C.3) 



a = 1,2. 



(C.4) 



The conjugate spinor is then 

= = (- ? 7 1 > 7 72) Q , 

and the effective action may be written as 

£ eff =(-«) y d 2 ai5^p a %ij + 2K<<pip 

where 



(C.5) 



(C.6) 



(C.7) 



This is simply the Lagrangian for a worldsheet Dirac fermion of mass 2k. Since such fermions 

are not conformal, we get the first indication that the Lagrangian ( JsTSI) is also not conformal. 

JgaijJ 12 

With the above definitions for p a , ip a and ip a we can re- write the action (113. 1 6 j) as 



£ = / tfayf^j (g^d^ + d u( p. + ie^p a dA + 2m^ 



where 



gTd v 



(C.9) 



(C.8) firstcurvei 
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We have written the above expression in the form of an inverse zwei-bein; we will see shortly 
that this is indeed justified. The corresponding zwei-bein is 



and the metric is 



Above 



m = g^</>+d v <f> + = yZ-G^d^+dut- 



(C.10) 

(C.ll) 
(C.12) 



is the norm of <p + , which needs to be non-zero. For completness note that the determinant of 
the metric and the zwei-bein are 



G = det G 



9 



\XV — n 



Rescaling fermions in the action 



gives 



CSV 



curved 



e = det«) 



ip — > m 1 ip 



-9 



m 



Integrating by parts this can be written as 



(C.13) 



(C.14) 



(C.15) 



C 



-9 



i/jp a ijj + 2ipip 



d 2 ay/=g g^d^+d^- + 2im- 1 e^p a d^ + rri 



G 



ipp a ip + 2ipip 



d 2 a^ (g^d^+d^. + 2im- 1 e^p a d^ + m^u^p-p^ + 2^) 



d 2 aV^G (-G^d^+dvt- + 2i\){i ( fD ll + m)V) • 



(C.16) 



The final form of the action is that of a world-sheet Dirac fermion of mass m together with the 
fields <p± moving in a curved metric G^. Above we have used the fact that in two dimensions 
for any zwei-bein and corresponding metric g^, the spin connection u>° 6 can be written as 



■ab 



t ah ^f^ d d v (e^g 



(C.17) 



where e (e c ) is the flat Minkowski space e-tensor with non-zero components e = — e = 1 



(eo 1 = 6i° = —1). This formula can be derived from the xpressions presentd in Appendix 
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We may now want to define a string theory path integral for this Lagrangian. To do so we 



J ail— 

consider the Polyakov path integral for the Lagrangian (IC'.lbjl . Since the path integral integrates 
over metrics g^ u , and the Lagrangian is a function of the metric = —m~ 1 g fll/ we first rescale 



-m l/2 g^ , 



(C.18) 



in order to eliminate the metric G™. We arrive at a Polyakov- type path-integral with action 



This Lagrangian is conformally invariant. One way to see this is to generalise the argument 
presented in l pj"lj which considered sigma-models on plane-wave backgrounds. Let us integrate 
out the fermions to obtain an effective Lagrangian for <f>± 



£ eff ~ r/^0 + a At 0_ + -logdet 



7r<9^+d M 0_ + -logdet 



6 2 C 
5r]5r] 



77^0 + 9 M 0_ + -det 



d 2 + -m 2 
4 



2 lo g(> 2 ) 



~ rTd^+d^- + rj^d^+d^ In A , 
where A is the cut-off. We can re-absorb this divergent piece by re-defining 

d>- —* d>- — 6a- In A . 



(C.20) 



(C21) 



This shows that the Lagrangian (10. 19)) is conformal. As it stands however, this Lagrangian is 
not Weyl invariant and, just as in I jsij . we need to turn on a dilaton 



(C.22) 



C -> J d 2 a^g (g^d^ + d v <p- + 2if>{ipl i D li + y/m)if)) . (C.19) |altull 



altull 



appc 



D Two dimensional spin connection 

Let us consider a geenral Lorenzian two dimensional metric g^ u which we will parametrise for 
convenience as 

a" 

b d 2 



(D.1) 



*I am grateful to A. Tseytlin for a number of discussions and explanations of these issues. 
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where a, b and d are complex functions of r and cr the coordinates on the manifold. The 
zwei-bein from which this follows is given by 

e ]i = (osinhp, — dsinhp) , e 2 = (a cosh p , d cosh p) , (D.2) 



where 

The Christoffel symbols 
are given by 



cosh = . (D.3) 
2 act 



T^a = (g K »,x + 9kX,v - 9uX, K ) (D.4) 



r} 1 = g 1 (a&a i + ad 2 a — 66 ) , (D.5) 

T} 2 = = g~ l (d 2 aa,i - bdd fi ) , (D.6) 

r^j = g- 1 (d 2 6,i - bdd tl - d 3 d i0 ) , (D.7) 

= g~ l (— a 3 a ! — aba^ + a 2 6 ) , (D.8) 

r 2 2 = = g~ l (-aba! + a 2 dd j0 ) , (D.9) 

T 2 2 = g- 1 ( a 2 dd i - 66,i + bdd fi ) . (D.10) 

where g = detg^. It is easy to check that these satisfy the defining equation 

^,a-^ a -^ a = 0. (D.ll) 

The spin connection io™ n can be determined from the following equation 

ZVIT = + - r>™ = . (D.12) 

Since uj™ n is anti-symmetric in (m, n) the non-zero components are given by 

oi io — 2a 2 da i — 6da + adb Q + abdp , 
u o - = ' T ; — — ; ~ j (D.13) 

ni ln — 6da i — adb i + a6d i + 2ad 2 d q . 
^ = = ' 2^7^ ( } 

Jgsull2 

E T-dual version of the action (13.181) 



JgSjjlJj 

Performing T-duality for the action fll3.18jl along a leads to a very simple form for an equivalent 
action. In this appendix we breifly present these results. To T-dualise along a we replace d^ot 
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by A a and adding the Lagrange multiplier term e^ u A^d v a. The are then integrated out and 
we obtain the action 

+ (<9 M <5 - (r]id^r]2 - r] 1 d^r] 2 ))(d u a - (r] 1 d u r] 2 - r] 1 d u rf))\ 
2e^ v f i <— > <— > \ 

where we have used the fact that up to total derivatives 



dV- -—djd v arfrii = / d 2 a———d, 1 td u a . (E.2) 

1 - 77*77; y 1 - 77*77^ 

At the level of classical equations of motion we may integrate out the metric to get a Nambu- 
Goto type action 

C d K NG = I d 2 a^— ((<y - i V Xv l )(d u a - ( m Km ~ v'Kv 2 ))) , (E.3) 

where we have rescaled t — *■ t/2 and multiplied the whole action by a factor of 2. The Nambu- 
Goto form of the action is particularily simple due to the 'two-dimensional' target space form 
of the action (IE. 111 . The equations of motion for a and t imply that 



1 — 7] l T], 



< — * i < — * o 

(d v a- {rjid v r]2 -T) d v rj ) = 0^X2, (E.5) 



1 — rfr\. 

where Xi are arbitrary Grassmann-even functions of r and a. The fermion equations of motion 
can then be written in form notation as 

= 77id%i A dx2 - idr] iA dx2 + ^Xi A d?7 J , (E.6) 

where i ^ j. 

Let us combine the (1 + 1 dimensional) spacetime coordinates into a two- vector 

a* = (*,«)*, i = 1,2, (E.7) 
and represent the spacetime gamma matrices as 

^-1-;;). 
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a spacetime Dirac spinor as 



*«= | V l | , a = 1,2. (E.9) 



The conjugate spinor is then 

« r «=(« rt 7°)«=(-»7 1 ,»b) a - (E.10) 
With these definitions the Nambu-Goto action can be written as 

ct NO = i/rfVi^n-nj, (E.ii) 



where we define 



and 



n; = («v i -# 7 1 ^), $ 2 = $$, (E.i2) 

tfo^W = $7*0 - 9 *7** . (E.13) 
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